Studies of high-multiplicity, tightly-packed planetary systems suggest that dynamical instabilities are common and affect both the orbits and planet structures, where the compact orbits and typically low densities make physical collisions likely outcomes. Since the structure of many of these planets is such that the mass is dominated by a rocky core, but the volume is dominated by a tenuous gas envelope, the sticky-sphere approximation, used in dynamical integrators, may be a poor model for these collisions. We perform five sets of collision calculations, including detailed hydrodynamics, sampling mass ratios and core mass fractions typical in Kepler Multis. In our primary set of calculations, we use Kepler-36 as a nominal remnant system, as the two planets have a small dynamical separation and an extreme density ratio. We use an N-body code, Mercury 6.2, to integrate initially unstable systems and study the resultant collisions in detail. We use these collisions, focusing on grazing collisions, in combination with realistic planet models created using gas profiles from Modules for Experiments in Stellar Astrophysics and core profiles using equations of state from Seager et al. (2007) , to perform hydrodynamic calculations, finding scatterings, mergers, and even a potential planet-planet binary. We dynamically integrate the remnant systems, examine the stability, and estimate the final densities, finding the remnant densities are sensitive to the core masses, and collisions result in generally more stable systems. We provide prescriptions for predicting the outcomes and modeling the changes in mass and orbits following collisions for general use in dynamical integrators. . This highly differentiated structure suggests the outcomes of planet-planet collisions in these systems is very sensitive to the details of the collision, and in many cases the sticky-sphere approximation, ubiquitous in dynamical integrators, may not be valid for many of these collisions. The sticky-sphere approximation assumes a collision occurs in the integration when the planets have a minimum separation less than the sum of the physical radii, and results in a single surviving planet with mass equal to the sum of the two colliding planets' masses, conserving center of mass, linear momentum, and angular momentum. We perform five sets of detailed calculations, varying the mass ratio and core mass fractions, to better understand and predict the outcomes of planet-planet collisions that may be instrumental in shaping both the orbits and planet structures of these systems (Inamdar & Schlichting 2016) . For our primary suite of integrations, we use Kepler-36 as a nominal remnant of a previous planet-planet collision. To examine how the mass ratio and planet structures affect the outcomes of these collisions, we also perform calculations between planets of mass ratio q = 1 and q = 1/3, where the less-massive planet has a mass of 4 M E , and core mass fractions of m c /m = 0.85 and m c /m = 0.95.
1. INTRODUCTION Many studies of the dynamical evolution of high-multiplicity, tightly-packed planetary systems (known as Kepler Multis) have shown that systems similar to those observed in the Kepler sample may experience planet-planet instabilities that result in physical collisions (Pu & Wu 2015; Volk & Gladman 2015; Hwang et al. 2017 , hereafter referred to as Paper 1). Studies of generic planetary systems show that post-disk dynamical interactions may be important in shaping the observed structure of Kepler Multis (Chambers et al. 1996; Jurić & Tremaine 2008; Chatterjee et al. 2008) , and additional studies (Thommes et al. 2008; Matsumura et al. 2010) confirm the occurence of planet-planet interactions are consistent with orbits after the planetesimal disk dissipates. Fang & Margot (2012) find many Kepler Multis are dynamically packed, in that no additional planets may be added in between neighboring orbits without leading to planet-planet interactions, suggesting many observed systems are on the cusp of dynamical instability. Studies of the structure of the planets in these systems have shown most of these planets are made up of a high-density core with a tenuous gas envelope dominating the volume (e.g., Wolfgang & Lopez 2015; Weiss & Marcy 2014; Rogers 2015) . This highly differentiated structure suggests the outcomes of planet-planet collisions in these systems is very sensitive to the details of the collision, and in many cases the sticky-sphere approximation, ubiquitous in dynamical integrators, may not be valid for many of these collisions. The sticky-sphere approximation assumes a collision occurs in the integration when the planets have a minimum separation less than the sum of the physical radii, and results in a single surviving planet with mass equal to the sum of the two colliding planets' masses, conserving center of mass, linear momentum, and angular momentum. We perform five sets of detailed calculations, varying the mass ratio and core mass fractions, to better understand and predict the outcomes of planet-planet collisions that may be instrumental in shaping both the orbits and planet structures of these systems (Inamdar & Schlichting 2016) . For our primary suite of integrations, we use Kepler-36 as a nominal remnant of a previous planet-planet collision. To examine how the mass ratio and planet structures affect the outcomes of these collisions, we also perform calculations between planets of mass ratio q = 1 and q = 1/3, where the less-massive planet has a mass of 4 M E , and core mass fractions of m c /m = 0.85 and m c /m = 0.95.
Kepler-36 is a 2-planet system discovered by the Kepler mission (Carter et al. 2012) , where Kepler-36b and Kepler36c (henceforth referred to as b and c) have an orbital separation of less than 0.015 AU, and a density ratio of ρ b /ρ c = 0.12. b has a density consistent with little or no gas envelope (ρ b = 7.5 g cm , Carter et al. 2012) , while c has a density consistent with a gas mass fraction of 12% and a gas radius fraction of 55% (ρ c = 0.89 g cm
−3
). Deck et al. (2012) show Kepler-36 likely undergoes short timescale dynamical chaos and provide best-fit densities of ρ b = 7.65 g cm . Nagy & Ágas (2013) explore the possibility of additional planets in the system and use long term stability to contrain the semi-major axes of potential additional planets to a < 0.1 AU and a > 0.14 AU. The high density difference and small dynamical separation motivates many studies on the formation of Many formation channels have been explored to explain the observed properties of Kepler-36. Paardekooper et al. (2013) show migration in a turbulent disc can result in systems very similar to Kepler-36. Lopez & Fortney (2013) and Owen & Morton (2016) explore the possibility that the density difference can be explained by evaporation of the envelopes, and constrain the cooling timescale and initial structures of b and c. Without migration, the planets' structure is unlikely to have formed in-situ due to the combination of small orbital separation and extreme density ratio, and may be a possible remnant of a previous planet-planet collision that depleted the gas envelope in the smaller planet. We use Kepler-36 as a potential collision remnant to guide our choice of initial conditions for our primary set of collision calculations. For this set of calculations we provide a generic analytic calculation of the orbits and amount of conservative mass-transfer required to create an initially unstable system that becomes stable after a collision resulting in two surviving planets (see §A.1).
Many studies have been conducted to understand the details of planet-planet collisions and close encounters. Much of the early work studies potential Moon-formation collisions, specifically between a proto-earth and an impactor, varying the planet structures (Hartmann & Davis 1975 , Benz et al. 1986 Cameron 2000; Canup & Asphaug 2001; Canup 2004; Canup et al. 2013; Canup & Salmon 2014) and using various tabulated equations of state to handle the abrupt changes in density and phase transitions of the impacted rock. Liu et al. (2015) present calculations of direct collisions between a rocky, terrestrial planet and a gas giant, treating the rocky core with a multi-phase equation of state (Tillotson 1962 ) and the gas as a polytrope with γ = 5/3. Podsiadlowski et al. (2010) discuss the possibility of tidal dissipation of orbital energy leading to potentially stable gas-giant binaries. Inamdar & Schlichting (2015) and Inamdar & Schlichting (2016) combine 1-D hydrodynamic calculations and a thermal evolution model to examine the effect of collisions resulting in mergers during the giant-impact phase of planet formation, and find that these collisions result in a large range of planet densities, similar to the observed densities found in Kepler Multis. In this work we explore the outcomes of grazing collisions between sub-Neptunes close to the host star, varying the mass ratio and gas mass fractions. We present several suites of collision calculations from initial conditions sourced from dynamical integrations and find several distinct outcomes, including scatterings, mergers, and a potential planet-planet binary (formed from energy dissipation due to the physical collision). We aggregate the results and develop a fit predicting the outcomes and changes in mass from such collisions for use in dynamical integrators.
The rest of the paper is organized as follows: In §2 we discuss the initial conditions and numerical methods used for our dynamical integrations of planetary systems, and our method for creating 3-D planet models and numerical methods used in the subsequent hydrodynamic calculations. In §3 we present the results of our hydrodynamic calculations, classifying the collision outcomes as bound planet-pairs, two surviving planets in stable or unstable orbits, or mergers, and explore the stability and potential observable indicators of collisions in both the orbits and planet structures. In §4 we present a prescription, aggregating the results from all sets of collision calculations, for predicting the outcomes and modeling the mass loss of planet-planet collisions for use in dynamical integrators. Finally, we summarize our conclusions in §5.
2. NUMERICAL METHODS We perform five sets of collision calculations, varying the mass ratio and core mass fractions of the two-planet system. We choose our combinations of mass ratios and core mass fractions to broadly cover the properties of neighboring planets seen in Kepler Multis. Table 1 shows the planet masses, radii, and core properties, and host star properties used in each set, where §A.1.1 describes how we assign the masses and core mass fractions for the Kepler-36 progenitor calculations. Sub-Neptune structures are more dependent on the core mass fraction than the total mass; despite having three times more gas, the 12 M E models have a physical size similar to the 4 M E models of identical gas mass fraction. For each set we generate a suite of dynamical integrations and use a subset of the resultant collisions as initial conditions for later detailed hydrodynamic calculations.
Dynamical Integrations
For each set of systems, we use a Monte Carlo method to generate 1000 realizations in the point-mass limit, where we set the planets' density to some arbitrary large value, using the Burlish-Stoer integrator within the N-body dynamics package, Mercury 6.2 (Chambers 1999) . We later impose planet radii to generate collisions. Table 2 summarizes the initial orbits used in each set of calculations, where we set the initial period ratio, P 2 /P 1 = 1.3 and assign the eccentricities such that the total angular momentum is low enough to result in orbit crossings. The results from §A.1 are used to generate the initial orbits for the Kepler-36 progenitor calculations, using the observed Kepler-36 properties to estimate the initial masses and semi-major axes. In the more generic sets of calculations, the inner planet's semi-major axis is set to a 1 = 0.1 AU, and the initial eccentricities are randomly assigned, enforcing a 1 (1 + e 1 ) = a 2 (1 − e 2 ) to ensure fast orbit crossing. The inclinations are randomly drawn from a distribution uniform in cos(i), where we choose a small, but non-zero inclination, −θ ≤ i ≤ θ; θ = 0.017, ensuring that a sin(θ) > R, where R is the radii of the planets, to simulate a nearly coplanar system. Finally, we randomly sample the argument of periapsis, ascending node, and true anomaly from a uniform distribution from 0 to 2π.
A collision occurs in the integration when the planets have a minimum separation less than the sum of the physical radii, calculated using MESA assuming an Earth-like core composition and a core-density calculated by interpolating coremass core-density tables in Howe et al. (2014) . For each calculation, the first planet-planet collision is characterized by the distance of closest approach, d min , in units of the sum of the planets' physical radii, R 1 and R 2 , and the collision energy, E c = E k + E g in units of the binding energy of both planets up to a coefficient,
where E k and E g are the kinetic and gravitational potential energy of the planets in the center of mass frame, ignoring the host star. The degree of contact,
characterizes the depth of the collision, where η = 1 describes an extremely grazing collision and η = 0 describes a head-on collision. Table 3 shows the distribution of collisions for each set of calculations, categorizing the number of collisions that result in a direct impact of the two cores, grazing collisions, and near misses, defined as close encounters where 1 < d min /(R 1 + R 2 ) < 1.2. We note that due to tidal bulging, many of the "near misses" would also result in physical contact between the planets. We find that the number of collisions does not decrease significantly for systems with planets of the same mass but smaller physical size, and the fraction of collisions that result in a direct impact between the planets' cores increases with larger core mass fractions. Figure 1 shows the distribution of the first planet-planet collisions in each set of integrations. In contrast to Paper 1, we find that the number of initial collisions decreases at higher distances of closest approach, likely due to the lower multiplicity of our systems; since higher-multiplicity systems can go unstable with wider orbital spacings (Gladman 1993 , Chambers et al. 1996 , crossing orbits will extend to higher eccentricitiesand hence, higher relative velocities. In §2.2, we describe how we perform detailed hydrodynamic calculations exploring how the distance of closest approach and collision energy affect the outcomes, specifically if the cores merge, if the planets survive, and how much gas is retained by the remnant planet(s) (Chatterjee et al. 2008 ).
Hydrodynamics
We perform 102 hydrodynamic calculations sampled from each set of dynamical integrations described in §2.1, using an SPH code, StarSmasher 1 (previously StarCrash, originally developed by Rasio 1991 and later updated as described in 1 StarSmasher is available at https://jalombar.github.io/starsmasher/. Set designates the set name, m 1 and m 2 are the masses of the inner and outer planet in Earth masses, m 1,c /m 1 and m 2,c /m 2 are the core mass fractions of the inner and outer planet, R 1 and R 2 are the radii of the inner and outer planet in Earth radii, R 1,c /R 1 and R 2,c /R 2 are the core radius fractions of the inner and outer planet, and M * and T * are the mass and temperature of the host star in solar masses and K. Set designates the set name, a 1 and a 2 are the semi-major axes of the inner and outer planet in AU, and e 1,min , e 1,max , e 2,min , and e 2,max are the minimum and maximum eccentricities of the inner and outer planets. The initial orbits are identical for the sets of runs with a given mass ratio. Set designates the set name, N total is the number of collisions that occur within 1000 years, N direct impact is the number of collisions resulting in a direct impact between the planets' cores, N grazing is the number of collisions that do not result in a direct impact between the planets' cores, and N near miss is the number of near misses, defined as close encounters where Lombardi et al. 1999 and Faber & Rasio 2000) , to treat the hydrodynamics. StarSmasher implements variational equations of motion and libraries to calculate the gravitational forces between particles using direct summation on NVIDIA graphics cards as described in Gaburov et al. (2010b) . Using direct summation instead of a tree-based algorithm for gravity increases the accuracy of the gravity calculations at the cost of speed (Gaburov et al. 2010a) . The code uses a cubic spline (Monaghan & Lattanzio 1985) for the smoothing kernel and an artificial viscosity prescription coupled with a Balsara Switch (Balsara 1995) to prevent unphysical interparticle penetration, specifically described in Hwang et al. (2015) . We sample collisions at varying degrees of contact and collision energies, using the position and velocity coordinates of the planets many dynamical times defined as the free-fall time of a test-particle around the planet) prior to the , where Ek and Eg are the kinetic and gravitational potential energy of the planets in the center of mass frame, ignoring the host star, for the first collision or near miss in each N-body integration. The histograms above the scatter plots show the distribution of distances of closest approach and the histograms to the right of the scatter plots show the distribution of collision energies for the first collision or near miss in each integration. We show the distribution of collisions with a small enough distance of closest approach to result in a direct impact between the two cores (red), using the nominal core radii given by Lissauer et al. (2013) for the Kepler-36 progenitor integrations (top left), and using the nominal core radii calculated using the assigned core mass fraction and a core density from Howe et al. (2014) for the q = 1 (bottom left) and q = 1/3 (bottom right) integrations. We also show the distribution of grazing collisions (blue), and near misses (green), defined as close encounters where 1 < dmin/(R1 + R2) < 1.2. For the more generic calculations, collisions are calculated assuming a core mass fraction of 85%. Collisions in between planets with a higher core mass fraction require a smaller distance of closest approach, and we show the minimum distance for a core mass fraction of 95% (dotted black line).
close encounter, where we treat the host star as a point-mass particle that interacts only gravitationally. We preferentially sample collisions to explore the boundary between merger and scattering results.
Planet Models and Equations of State
Following the method described in §A.3 in Paper 1, we first use MESA to generate gas envelopes with a constant density core of mass, m c , where the core density is determined using tables from Howe et al. (2014) assuming an Earth-like core composition (67.5% silicate mantle and 32.5% iron core). We irradiate the planet at the chosen semi-major axis and host-star temperature (shown in Tables 1 and 2) for 4.5 × 10 9 years. We then replace the isothermal and constant-density cores MESA generates with a differentiated core, with equations of state from Seager et al. (2007) , using the core mass and radius as boundary conditions to solve for the iron core and silicate-mantle mass fractions, recovering solutions very close to the Earth-like input values.
Planet structures are very time-sensitive. Chen & Rogers (2016) and Lopez & Fortney (2013) show the timedependent structure of Kepler-36b and Kepler-36c (Figure 1 in both papers) , where Kepler-36b contracts by a factor of 7 and Kepler-36c contracts by a factor of 3 between 100 Myr and 4.5 Gyr. The age of planets when orbital instability first develops is not well un-derstood, in part because we do not know what might trigger the instability in the system, just the internal secular evolution of the system (e.g. Chatterjee et al. 2008; Jurić & Tremaine 2008; Deck et al. 2012) , or an external trigger (e.g., Zakamska & Tremaine 2004) . In general, orbital instability timescales in chaotic systems have very broad distributions (e.g., Chatterjee et al. 2008; Zhou et al. 2007; Funk et al. 2010) , so here we take a conservative assumption, assuming the planets are old and therefore their radii have shrunk to near equilibrium. With younger, more inflated planets, collisions happen even faster, but this would make our initial conditions very arbitrary (very sensitive to exact assumptions about the age of the planets at the time they collide). Collisions occurring between younger planets would be more dramatic, due to lower density and hotter envelopes, and our calculations should be treated as a lower limit.
StarSmasher uses the combined gas and core profiles, and because we are interested in the evolution of the low-density gas envelope, creates planet models with equal number-density, non-equal mass, particle-distributions (Monaghan & Price 2006 ) using ∼ 10 5 particles per planet. Gas particles follow a semi-analytic equation of state fit to a grid of MESA models,
where we use γ e = 3, while K e and β i are fitted parameters. Core particles follow an equation of state from Seager et al. (2007) ,
where the internal energy is initially set as
c, γ c , and ρ ′ c are constants determined by the composition, and 2
is the ordinary hypergeometric function. Expressions for the mantle are like those for the core but with coefficients applicable to a silicate composition employed. Particles near the interfaces of the gas envelope, silicate mantle, and iron core are treated as mixedcomposition in order to resolve the high density-gradient between components. For more details of how we generate our planet models, including how we fit the equation of state used for the gas envelope, and the algorithms used to handle mixed-composition particles, see §A.3 in Paper 1.
Figures 2 and 3 show two comparisons of the initial profiles from MESA and the semi-analytic core equations of state, to the planet profiles after 2000 code timescales in StarSmasher, relaxed in isolation to both test the stability of the models and minimize the initial spurious noise, where a code timescale is of order unity to the free-fall time of the planets,
t code . The planet models are very stable at the end of the relaxation; the radial acceleration on the particles is near zero throughout the profile. The models for b and c for the Kepler-36 progenitor calculations have 12114 and 8190 core particles and 87840 and 91764 gas particles, respectively.
We note that much of the previous literature exploring the mass-radius relationship of sub-Neptunes perform calculations with both a homogeneous and a differentiated equation of state (Howe et al. 2014 and Seager et al. 2007 ). We emphasize that here we are focused on differentiated cores. Homogeneous cores would be denser and smaller, which would impact the results of collisions simulations.
Analysis of Hydro Calculations
For each output snapshot from the hydrodynamic calculations, we build the planets starting from the dense iron core. For each particle, in ascending order of distance from the center of mass of the planet, we calculate a Jacobi Constant,
where n is the orbital frequency,
are the mass fractions of the star and planet, where k 1 + k 2 = 1, r 1 and r 2 are the distances from the particle to the host star and planet, and the position and velocity vectors are defined in the corotating frame of the planet and the star, with x 2 + y 2 + z 2 ≡ 1. We calculate the Jacobi Constant at L 1 , assuming a circular orbit (Murray & Dermott 1999) ,
and assign the particle to the planet if C J > C L1 , updating the planet's mass, position, and velocity. For each particle initially assigned to both planets, we assign them to the planet with lower relative orbital energy with respect to the particle,
where m p is the mass of the planet, m is the mass of the particle, and r and v are the scalar distance and relative velocity between the particle and the planet. We categorize the collision outcomes by examining the relative orbits of the two planets, ignoring the host star, where the semi-major axis,
and the eccentricity, Figure 2 . Radial profiles at the end of 2000 code timescales for an isolated model of a Kepler-36b progenitor, where we enable a relaxation force (see Hwang et al. 2015 for details) for the first 100 code timescales. In each plot we mark the transitions from core to mantle and from mantle to gas envelope (vertical dashed lines). Density (top left) and internal energy (top right) profiles for the input profile (blue), generated using MESA and the equations of state from Seager et al. (2007) , the initial values assigned to each particle (black), and the values after 2000 code timescales (red). Particle composition, x, profile (bottom left) after 2000 code timescales, where x represents the mass fraction of the particle belonging to the heavier composition near the interface. Equilibrium profile (bottom right) after 2000 code timescales, showing the radial acceleration, in code units, from the hydrostatic force (red), the gravitational force (green), and the total force (black). These figures show how we assigned the particle composition and redistributed internal energy based on the smoothed densities. The model relaxes into a very stable hydrostatic equilibrium, stable for at least the timescales used for the dynamical calculations.
where
is the relative orbital energy, µ is the reduced mass, v = v 1 −v 2 , and r = r 1 −r 2 . We categorize the outcome as a merger if the relative periapsis of the two planets is less than twice the sum of the core radii (to account for the observed tidal deformation of the cores), as a bound planet-pair if the relative orbital energy results in an apoapsis less than the mutual Hill radius of the planets, and a scattering if the two planets leave their mutual Hill spheres, where the mutual Hill radius, Figure 4 shows the orbital evolution of two collisions after the initial contact, one resulting in a scattering and the other a merger.
3. COLLISIONAL OUTCOMES Tables 4-6 summarize the results of our collision calculations, showing the changes in mass and energy lost in the collision as a function of the N-body collision parameters. We find that the distances of closest approach and relative collision energies are, in general, larger than the values from the N-body calculations, due to resolving the colliding atmospheres. The calculations have adequate energy conservation, with the maximum fractional change in total energy ∆E tot /E tot,i < 2 × 10 −5
. Figure 5 shows the collision outcomes as a function of the distance of closest approach and collision energy, as calculated in Mercury 6.2, and in gen- eral, scatterings occur more often at larger distances of closest approach and collision energies, and planet-planet captures (bound planet-pairs or mergers) occur at smaller distances of closest approach and energies. The same initial orbits are used for the two sets of calculations at a given mass ratio but different core mass fractions, and the results are very similar, with the only categorically different outcome occuring in the q = 1/3 calculations; specifically, a merger in the m c /m = 0.85 calculations results instead in a scattering in the m c /m = 0.95 calculations due to less energy dissipated in the latter collision. In total we find 62 scatterings, 39 mergers, and 1 potential bound-planet-pair.
Tables 7-9 summarize the orbits and planet properties of the remnant planets, where the angular momentum deficit is used to quantify the stability of the systems, discussed in more detail in §3.1, and the densities are estimated using the same method presented in Paper 1, where we match the total mass and core mass fraction of the remnant planets to a grid of MESA models. The initial gas mass fractions and densities are listed on the first row for each set of calculations. We examine each set of outcomes in more detail and discuss the orbits and planet structures of the remnants. In §4 we use these calculations to develop prescriptions for predicting the outcomes and modeling the changes in mass during these collisions.
Scatterings
To quantify the effect the collisions have on the orbits, we calculate the angular momentum deficit, following Laskar (1997) ,
Enforcing conservation of energy and angular momentum, we calculate the angular momentum deficit as a function of the period ratio, and for each set of initial and post-collision orbits, the minimum angular momentum deficit, C min , where C min ≤ 0 defines a set of orbits with a circular solution. Figure 6 shows the angular momentum, period-ratio solutions for the initial and final orbits of each calculation, with the Hill-stable solution (Gladman 1993 ) as a reference. In general, the minimum angular momentum deficits of the postcollision orbits are less than the minimum angular momentum deficits of the initial orbits, and closer to the Hill-stable solution. We use the final position and velocities from the hydrodynamic calculations as initial conditions for followup Run designates the run number, d min and Ec are the distance of closest approach and energy of each collision from the N-body and SPH calculations in units of the combined physical radii, R 1 + R 2 , and binding energy, E b , described in (1), ∆m 1 and ∆m 2 are the changes in mass for the inner and outer planet in Earth masses, ∆E orb is the change in relative planet-planet orbital energy during the collision in units of the binding energy, ǫacc is the fractional change in the total energy, and outcome designates the result of the collision. Run designates the run number, d min and Ec are the distance of closest approach and energy of each collision from the N-body and SPH calculations in units of the combined physical radii, R 1 + R 2 , and binding energy, E b , described in (1), ∆m 1 and ∆m 2 are the changes in mass for the inner and outer planet in Earth masses, ∆E orb is the change in relative planet-planet orbital energy during the collision in units of the binding energy, ǫacc is the fractional change in the total energy, and outcome designates the result of the collision. Run designates the run number, d min and Ec are the distance of closest approach and energy of each collision from the N-body and SPH calculations in units of the combined physical radii, R 1 + R 2 , and binding energy, E b , described in (1), ∆m 1 and ∆m 2 are the changes in mass for the inner and outer planet in Earth masses, ∆E orb is the change in relative planet-planet orbital energy during the collision in units of the binding energy, ǫacc is the fractional change in the total energy, and outcome designates the result of the collision. Run designates the run number, a, e, mgas, and ρ are the semi-major axis (in AU), eccentricity, gas mass (in Earth masses), and density (in CGS) of the inner out and outer planets, P 2 /P 1 is the period ratio, C and C min are the angular momentum deficit and minimum possible angular momentum deficit, normalized as described in §3.1, and ρ 1 /ρ 2 is the density ratio. The initial gas mass fractions and densities are listed on the first row of each set of calculations. Run designates the run number, a, e, mgas, and ρ are the semi-major axis (in AU), eccentricity, gas mass (in Earth masses), and density (in CGS) of the inner out and outer planets, P 2 /P 1 is the period ratio, C and C min are the angular momentum deficit and minimum possible angular momentum deficit, normalized as described in §3.1, and ρ 1 /ρ 2 is the density ratio. The initial gas mass fractions and densities are listed on the first row of each set of calculations. Run designates the run number, a, e, mgas, and ρ are the semi-major axis (in AU), eccentricity, gas mass (in Earth masses), and density (in CGS) of the inner out and outer planets, P 2 /P 1 is the period ratio, C and C min are the angular momentum deficit and minimum possible angular momentum deficit, normalized as described in §3.1, and ρ 1 /ρ 2 is the density ratio. The initial gas mass fractions and densities are listed on the first row of each set of calculations. Figure 5 . Results of collisions as a function of the degree of contact, η = dmin/(R1 + R2), and the collision energy in units of the binding energy, as described in (1), from the N-body calculations. In the Kepler-36 progenitor calculations (top left), we find 14 mergers (×), 1 bound planetpair (⋆), and 18 scatterings (circle), in the q = 1; mc = 0.85 (middle left) calculations we find 3 mergers and 16 scatterings, in the q = 1; mc = 0.95 (middle right) calculations we find 2 mergers and 17 scatterings, in the q = 1/3; mc = 0.85 (bottom left) calculations we find 9 mergers and 7 scatterings, and in the q = 1/3; mc = 0.95 (bottom right) calculations we find 10 mergers and 5 scatterings. Of the 63 collisions resulting in a scattering, 28 exhibit a flipped orbit (red edge-color), where the initially outer planet becomes the inner planet after the collision.
dynamical integrations to determine the long-term stability of the system, and while each scattering outcome eventually results in a subsequent collision, further collisions may eventually stabilize the system. During the collision, the lower mass planets (m ∼ 4.0 M E ), tend to lose some fraction of their gas envelopes, and only the largest planets (m = 12.0 M E ) gain mass during the collision. We develop a model for predicting the change in mass during a collision in §4. Using the same method as Paper 1, we find that the density ratios tend to become more extreme for systems with mass ratios, q = 1, with the lower-mass planets losing more mass than the higher-mass companions. These results suggest that two very tightly-packed planets with a large density ratio (e.g. Kepler-36; Carter et al. 2012 ) may be evidence of a previous planet-planet collision (Liu et al. 2016 , Inamdar & Schlichting 2016 .
Mergers
Collisions that eventually result in the merger of the two cores generally undergo multiple episodes of physical collisions at the periapsis of each planet-planet orbit, losing some relative orbital energy at each periapsis passage. While our treatment of the cores does not allow us to fully integrate through the merger, we are able to follow the changes in mass and orbital energy in each orbit until the cores physically collide. In previous versions of these calculations, where the equations of state of both the core and gas are approximated simply as polytropes, we found several distinct outcomes, including fragmentation of the less-massive core, where some mass is accreted onto the more massive core and the remainder becomes bound, forming a planet-planet binary with a more extreme mass-ratio. Preferential shedding of the mantle may lead to remnants where the less-massive planet survives with a much higher iron-core mass fraction, and the moremassive planet has an excess of mantle material. Follow-up studies using equations of state that more accurately model direct core-core collisions are necessary to fully understand the details of these outcomes.
Bound Planet-Pair
While most collisions resulting in the two planets becoming a bound pair have an orbit with a periapsis that results in a core-core collision, and a likely merger, one calculation shows a potentially long-lived planet-planet binary. Following Podsiadlowski et al. (2010) , we define the inner binary as the two bound planets and the outer binary as the bound planet-pair and the host star, and compare the maximum apoapsis of the inner binary to the mutual Hill radius at the periapsis of the outer binary,
where m 2 > m 1 , and a in , e in , a out , and e out are the semi-major axes and eccentricities of the inner and outer binary. We estimate the inner binary's maximum apoapsis by enforcing the maximum distance of a planet from the center of mass of the inner binary be less than the Hill radius at the outer binary's periapsis, Figure 7 shows the orbital evolution of the inner and outer binaries of this calculation, and we see that the orbit of the planet-planet binary has a periapsis large enough to prevent the cores from colliding and an apoapsis small enough that the planets remain inside the mutual Hill sphere. Determing the long-term stability of this planet-planet binary is complex and requires including tides and decay of the inner binary's orbits due to the gas envelope.
RECIPES TO PREDICT COLLISIONAL OUTCOMES
The details of the collision are important in determining both the outcomes and the structures of the remnant planet(s). The maximum relative energy of a bound planet-planet pair (resulting in either a merger or a long-lived planet-planet binary) can be calculated, as the maximum orbital separation must be less than the mutual Hill Radius,
Using (15) and (16),
where a out , e out , a in , and e in are the semi-major axes and eccentricities of the outer (planets' center of mass and host star) and inner (planet-planet) binaries, and m 1 , m 2 , and µ are the planet masses and reduced mass after the collision, where m 1 < m 2 . In each planet-planet collision, some amount of energy, E d , is lost from the planets' orbit, and we predict that the remnant will result in a scattering event, where both planets survive, if
and may otherwise become a capture, either a merger or bound planet-pair.
Fitting Energy Dissipated and Change in Mass
To predict the outcomes of a generic collision, we examine the energy dissipated and changes in mass during the first periastron passage of the two planets. Figures 8-10 show the energy dissipated and changes in mass for each planet as a function of the distance of closest approach. We fit the energy dissipated and change in mass of each planet with a power law as a function of distance of closest approach, f = Ad k , discarding collisions where we do not fully resolve the first passage, or with a distance of closest approach close enough to cause contact between the physical cores, as this introduces additional physics and requires a different fit. We Figure 6 . Solutions of period ratio, P2/P1, and angular momentum deficit, C, scaled by C0 = ME(GM⊙ AU) 1/2 , before the collision (green) and after the collision (red), along with the coordinates of the first and last snapshots in the SPH calculation (black points). The solution for a Hill-stable orbit is shown for comparison (solid black line) for the pre-collision masses of each calculation, and we see that, in general, systems become more stable after the collision. Angular momentum deficits below zero are unphysical, and orbits with solutions where C < 0 have period-ratio boundaries at the circular solutions. Figure 7 . Orbital evolution of a collison resulting in a potential planet-planet binary. The planet-star orbits (top), with the semimajor axes (solid line), and periastron and apoastron (dotted lines). The planet-planet orbit (bottom) after the collision shows the physical separation (dashed black line), semi-major axes (blue), and periastron and apoastron (dotted lines) of the planet-planet binary. The sum of the physical size of the cores (dotted red line) and the maximum periapsis (dotted black line) from (17) for comparison.
use only scattering collisions to fit the changes in mass, as we are interested in the masses of each planet after leaving their mutual Hill sphere. Table 10 summarizes the best fit values for each set of calculations.
We find that higher mass ratios and core mass fractions exhibit a steeper exponent in the power law for both the energy dissipated and change in mass. The change in mass of the less-massive planet is predicted well by the power-law fit, but we find that the change in mass of the more-massive planet in q = 1 calculations is not as well modeled by a single power-law and likely depends on additional factors, for example, the angle of impact relative to the host star.
Prescription
For each set of collisions, we develop models using the initial energy, distance of closest approach, masses, and or- Set designates the set name, and A and k are dimensionless variables used in models predicting the energy dissipated and changes in mass as a function of the distance of closest approach.
bits to predict the outcome and final masses and orbits of the remnant planet(s). Using (18) and (19), the critical initial collision energy required for a scattering may be expressed,
and m 1 , m 2 , and E d may be estimated as a function of d min using the fits to discussed in the previous subsection. Figure 11 shows, for each set of calculations, the critical initial collision energy in excess of the energy required for a planet to leave the mutual Hill sphere (to normalize the distance from the host star), as a function of the distance of closest approach, separating the predicted captures and scatterings. We see that the potential planet-planet binary is very close to the critical energy separating captures and scatterings. The model accurately predicts 98 out of 102 outcomes, and we examine closely the outcomes that are misclassified. Of the four misclassified outcomes, two are mergers that occur after initially leaving the mutual Hill sphere, and can be Figure 8 . Change of orbital energy of the planets as a function of the degree of contact, η = dmin/(R1 + R2), where the symbols designate the outcomes as described in Figure 5 . We show the fits, Ed/Eb = AEη k E , (dashed black lines) where the best-fit values are reported in Table 10 . attributed to a second, separate close encounter, and one is a collision very close to the critical collision energy, resulting in a potentially long-lived planet-planet binary. This model may be adapted for a generic collision between sub-Neptunes using the fits from the calculations most similar to the target system. Figure 12 shows the distribution of collisions from our dynamical integrations discussed in §2.1 with the predicted critical collision energy for separating grazing collisions resulting in mergers from scatterings. Table 11 summarizes the outcomes of grazing collisions and near misses, where 72% -96% of grazing collisions result in a scattering, motivating an improvement on the sticky-sphere approximation. Based on the predicted outcome, the final properties of the collision remnant may be estimated, specifically, the amount of gas retained by a merger remnant, and the energy and gas lost during a scattering.
Scatterings
We find that a majority of grazing collisions where the cores do not physically come into contact result in a scattering with both planets leaving their mutual Hill sphere. During the scattering, both planets lose mass and orbital energy, which is deposited into unbinding gas and also converted into internal energy.
The change in mass and orbital energy during a scattering collision can significantly affect the dynamical evolution of the system. The prescription for treating scattering collisions is as follows, using as inputs the degree of contact, masses, mass ratio, and core mass fractions of the planets: 1) Integrate until reaching the projected minimum separation. 2) Use the fits presented in Table 10 to estimate the mass fraction, m lost,i , and orbital energy, E d , lost from both planets. The best fit values may be chosen either from the set of collisions most similar to the two colliding planets or using a linear interpolation. 3) Calculate the remnant masses for both planets
For cases where the mass ratio of the two planets is large (q < 2/3), the change in mass of the larger planet is not as well characterized by our fits, likely depending on details such as the exact trajectory of the collision; the observed change in mass for such large planets is relatively small, and can be ignored. Figure 11 . The outcomes of each collision, designated as described in 5, as a function of the degree of contact, η = dmin/(R1 + R2), and the collision energy in units of the binding energy, as described by eq. (1), from the SPH calculations. The collision energy is normalized by the escape energy as described by eq. (22). We show the predicted critical collision energy separating scattering collisions from captures (dashed black lines), and we see that the model accurately predicts the outcome in 98 out of 102 collisions, where 2 of the misclassified outcomes are the result of a second, separate close encounter, and 1 results in the only bound-planet pair found in our set of calculations. Figure 12 . Distribution of collisions characterized as in Figure 1 , with the predicted critical initial collision energy described by eq. (21) (dashed black line) separating grazing collisions resulting in mergers (blue) and scatterings (green). Table 11 summarizes the predicted outcomes, where 72% to 96% of the grazing collisions result in a scattering, and are poorly modeled by the sticky-sphere approximation. Set designates the set name, N grazing is the number of grazing collisions (including near misses described in Table 3 ) that occur within 1000 years and N scattering is the number of grazing collisions that result in a scattering, where the planets leave their mutual Hill radii without merging.
4) Decrease the magnitude of the relative velocity between the two planets to account for the decrease in orbital energy, conserving energy (accounting for the energy lost), 
is the remnant velocity vector parallel to the initial velocity vector. 6) (Optional) Adjust the radii of both planets to account for the loss of gas. This step assumes that subsequent collisions occur after the planets have relaxed back into equilibrium.
Using this prescription should result in a material difference in dynamical integrations that exhibit scattering collisions, generally driving the planets into more stable orbits, and in cases with a subsequent merger, less-massive remnants.
Mergers
While we do not integrate collisions resulting in a physical collision between the cores through the merger due to the computational cost, we find that the short term change in mass is largely determined by the planets' core masses. 4 M E planets tend to lose a majority of their envelope in addition to some mantle, while 12 M E planets do not exhibit significant changes in mass. Our method for treating for merger events is the same as from Paper 1, ejecting the gas from both planets and using the sticky-sphere approximation assuming most of the core mass (∼ 95% − 100%) is retained. Inamdar & Schlichting (2016) provide a model for estimating the final gas mass fraction of the remnant planet after a merger as a function of the impact velocity; because the collisions in this study generally have energies comparable to the escape energy, our prediction that most of the gas envelope is ejected in a merger is consistent with this study.
CONCLUSIONS
We conduct a detailed study on collisions between two planets in initially unstable orbits, varying the mass ratios and core mass fractions of the planets to sample a range of typical neighbors in Kepler Multis, and summarize our findings as follows: 1) 102 collision calculations result in 62 scatterings, 39 mergers, and 1 bound planet-pair. 2) While every scattering remnant eventually resulted in an eventual crossing orbit during post-collision dynamical integrations, we find that collisions tend to stabilize the system. Further collisions may eventually result in a stable system with two surviving planets. 3) The collisions that result in mergers tend to eject a majority of the gas from the less-massive planet. Future calculations with a better treatment of the core are required to fully resolve planet-planet mergers. 4) One collision results in a potentially long-lived planetplanet binary with an eccentric orbit such that the periapsis avoids collision of the planets' cores and the apoapsis is small enough that the planets remain inside the mutual Hill sphere. 5) The outcome of a collision depends very sensitively on the distance of closest approach and the relative energy between the two planets at the collision; specifically, high relative energies and large distances of closest approach lead to more scatterings and low relative energies and low distances of closest approach are more likely to result in a merger or bound planet-pair. 6) After a collision, the density ratio of q = 1 planets tend to become more extreme, with the higher-mass core retaining more of, or even accreting, the disrupted gas, and the lower-mass core losing a higher fraction of gas; we found a minimum density ratio of ρ 2 /ρ 1 = 0.4 in our Kepler-36 progenitor calculations with a pre-collision density ratio, ρ 2 /ρ 1 = 1.15. 7) Many interesting outcomes provide motivation for further study; specifically the possibility of a long-lived planet-planet binary, and potential moon-forming collisions encourage development of models capable of accurately modeling violent collisions of the dense core material and resolving the gas envelope.
We aggregate the collision calculations to create fits for the energy dissipated and mass lost during a collision as a function of the distance of closest approach and planet properties. We use these fits to develop a prescription for use in N-body integrators to predict and model the outcomes of such collisions between sub-Neptunes. We find that collisions resulting in two surviving planets leaving their mutual Hill sphere tend to increase the dynamical stability of the system and reduce the overall gas mass fraction. The amount of gas lost strongly depends on the core masses of the planets and a low-mass gas-poor planet neighboring a high-mass gas-rich planet, with a very small dynamical separation, may be evidence of one or more previous planet-planet collisions. The collisions that result in direct contact between the two cores are not fully resolved through the likely eventual merger in our simulations, and motivate further study to understand the details of these outcomes. Previous calculations of these collisions with simple polytropic equations of state showed many distinct outcomes including fragmentation and partial accretion of the less-massive core. If the lighter mantle material were preferentially stripped off of the less-massive core and accreted by the more-massive core, the remnant planets would exhibit very different core compositions: the lessmassive planet with an excess iron-core mass fraction and the more-massive planet with an higher silicate-mantle mass fraction.
Future Work
Given our choice of equations of state to model the core, which were chosen to provide a stable boundary condition, we focused on studying grazing collisions and were not able to integrate core-core impacts through the entire merger. Improving the algorithms used to resolve interfaces between components and improving our core equations of state to better models shocks and mixing, will allow the study of the deeper impacts, for example the long term evolution of mergers.
In this work we focused on performing many calculations to better understand the outcomes of collisions after the first periastron passage and we do not resolve collisions past a few orbital periods of the innermost planet. Calculations that integrate scattering collisions for long timescales are important in fully understanding the behavior of the disrupted gas, particularly if the gas eventually falls back onto one of the planets. A study of the long-term evolution of the gas will require additional physics such as a model to handle stellar winds.
We studied in detail five sets of 2-planet systems, made up of two sub-Neptunes, where both planets have a tenuous gas envelope that dominates the volume, varying the mass ratios and gas mass fractions. However, there still remains much work to be done to better understand the likely common collisions in high-multiplicity, tightly-packed systems. Performing similar calculations at lower planet-ages will increase the size of the planet envelopes, resulting in collisions at larger distances of closest approach, and the change in structure will likely lead to qualitatively different outcomes. Increasing the semi-major axes of the planets will lower the impact of the host star, and including terrestrial planets and gas giants will also expand the scope of this type of study.
The existence of long-lived planet-planet binaries is an interesting problem and the absence of an observation allows us to place an upper limit on the occurence rate. A detailed treatment of the stability of such a system could provide insight to the types of collisions that are able to create these phenomena.
APPENDIX
A. APPENDIX A.1.
Kepler-36 Progenitor Properties
In this section we show that an initially unstable system that undergoes a planet-planet collision can result in two planets with the same angular momentum and orbital energy distribution as an observed and dynamically stable system, using Kepler-36 as our nominal system. We calculate the orbital elements and planet masses of potential prognenitor systems to the currently observed Kepler-36 system, assuming conservative mass transfer,
where m 1 and m 2 are the initial planet masses, m 1,o and m 2,o are the observed planet masses, and ∆m is the amount of mass transfer, conservation of angular momentum,
where M * = 1.071 M ⊙ is the mass of the host star, a 1,o = 0.1153 AU and a 2,o = 0.1283 AU are the observed semi-major axes, e 1,o = 0.04 and e 2,o = 0.04 are the observed upper limits to the eccentricities, and µ 1,o and µ 2,o are the reduced masses (Carter et al. 2012) . We assume that the collision results in the loss of some orbital energy,
where ǫ is the fraction of orbital energy conserved in the collision.
A.1.1. Mass Transfer
We estimate the distribution of gas in the progenitor Kepler-36 system, assuming the currently observed distribution of gas is a result of conservative mass transfer in a prior planet-planet collision. Carter et al. (2012) find the mass and radius measurement of b is consistent with a planet with little or no gas envelope and Howe et al. (2014) predict a core mass fraction of m c /M = 0.861 for c. We generate a series of models for c using MESA (Paxton et al. 2011; Paxton et al. 2013; Paxton et al. 2015) , varying the core mass fraction and using the core mass and core-density relationship from Howe et al. (2014) assuming a 32.5% iron and 67.5% perovskite differentiated core. Figure 13 shows the density of our models as a function of the core mass fraction, where m 2,c /m 2,o = 0.882 is consistent with the observed density, which is reasonably close to the value reported by Howe et al. (2014) , with differences potentially arising from our model including irradiation from the host star leading to a larger radius.
We use the result from Lee & Chiang (2015) to estimate the initial mass of the gas envelopes,
where m g is the gas mass observed on c, m 1,g and m 2,g are the gas mass of the progenitor planets, and α = 2.6, and estimate that the mass lost by b is ∆m = 0.215M ⊕ .
A.1.2. Orbital Elements
We estimate the orbital elements of a dynamically unstable progenitor system that, after a collision, results in a dynamically stable system, specifically a system resembling Kepler-36, assuming conservative mass transfer and conservation of angular momentum. Because the progenitor system must allow for a crossing orbit, a 1 (1 + e 1 ) = a 2 (1 − e 2 ), (A7) Figure 13 . Density as a function of core mass, using a series of MESA models (blue circles) to generate a fit (solid green). We find that the observed density of ρ = 0.895 g cm −3 (solid black) corresponds to a fit core mass fraction of mc/M = 0.882 (dashed green), which agrees reasonably well with the core mass fraction prediction of mc/M = 0.861 from Howe et al. (2014) .
and we assume angular momentum is conserved, we can solve for the range of inner semi-major axes, 
where e 1 and e 2 are the eccentricities of b and c, and T is the period ratio. For each solution we find the fractional loss in orbital energy required to move from our proposed progenitor system to the observed Kepler-36 system,
We use the constraints that the progenitor system does not initially have a crossing orbit, f = a 2 (1 − e 2 ) − a 1 (1 + e 1 ) ≥ 0,
and ∂ f ∂e 2 = a 2 h 1 e 2 m 2 h 2 e 1 m 1 − 1 ,
to determine the boundaries on e 1 and e 2 , as a function of both ∆m and T , where h 1 and h 2 are the angular momentum of the planets at the crossing orbit solution. Using ∆m = 0.215M ⊕ from §A.1.1, T = 1.3, and maximizing conservation of energy, ǫ E = 0.998, we find a 1 = 0.111 AU, a 2 = 0.132 AU, e 1 ≥ 0.11, and e 2 ≤ 0.07.
